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BRAUER GROUP OF MODULI OF TORSORS UNDER
PARAHORIC GROUPS SCHEME G OVER A CURVE
YASHONIDHI PANDEY
Abstract. We compute the Brauer group of the moduli stack and smooth
locus of moduli space of semi-stable parahoric G-torsors over a curve X.
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1. Introduction
Let X be a smooth projective curve over C of genus gX ≥ 3 and let G be a
semi-simple and simply connected group. Our interest in this paper is to com-
pute the Brauer group of the moduli stack and space of torsors under a parahoric
group scheme. Recall that the Brauer group for a space Y is defined to be the
group generated by Img(H1(Y,PGLn) → H
2(Y,Gm)) as n varies in integers. For
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a stack Y however we will work with the cohomological Brauer group defined as
H2et(Y,Gm)tor.
Let R ⊂ X be a finite set consisting of parabolic points. For x ∈ R, let Ax
denote the completion of the local ring OX,x. Put Dx = Spec(Ax), and assume
that for each x ∈ R, we are given parahoric group schemes Bx → Dx. In [1, Section
5], it is explained how one can construct a global group scheme G over the projective
curve X so that
(1.0.1) G|X\R ≃ G× (X \ R) G|Dx = Bx, x ∈ R.
Following Pappas and Rappoport [17], we call G parahoric Bruhat-Tits group
scheme on X . We prove
Theorem 1.0.1. Assume G is semi-simple and simply connected. Then the Brauer
group of the moduli stackMX(G) of G-torsors on X is trivial.
The proof is a generalization of the analogous statement in [8, Biswas-Holla].
For each x ∈ R, let Gx denote the generalized Levi at x (cf Section 8.3). They
are equipped with a natural quotient morphism Gx → Gx where Gx is the stalk at
x. Let M ssX (GX) denote the moduli space of equivalence classes of semi-stable GX
torsors on X . Let M rsX (GX) denote the moduli space of regularly stable GX -torsors
on X . We prove in Section 6 that it is the smooth locus of M ssX (G).
The main theorem we prove is
Theorem 1.0.2. Assume G is semi-simple and simply connected. The Brauer
group of M rsX (G) is the quotient of Hom(ZG,C
∗) by the images of
ZG → Gx → Gx
χ
→ C∗
varying χ over the character group of Gx and x ∈ R.
For the case of parabolic vector bundles of fixed determinants, this theorem
agrees with the main theorem of [5, Biswas-Dey]. For the case of G-bundles, this
theorem agrees with [8, Biswas-Holla,Cor 6.5 Thm 4.5]. We provide a different
proof exploiting the key idea, taken from [20, C.Sorger], that the line bundle of
central charge one on the moduli stack, when restricted to the regularly stable
locus descends to the moduli space.
1.1. Acknowledgement. It is a pleasure to thank Professor Indranil Biswas for
pointing out a serious flaw in an earlier proof strategy. We acknowledge the influence
of [8, Biswas-Holla] and other works by I.Biswas and N.Hoffmann.
2. Preliminaries from [1]
Let X be a smooth projective curve of genus gX ≥ 2. By the main theorem of
[1, BS] there exists a (possibly ramified) finite Galois cover p : Y → X with Galois
group Γ ramified at RY and a principal G-bundle E on Y together with a lift of Γ
action such that
(1) twisting the constant group scheme G→ Y by E, denoted EG we have
(2.0.1) pΓ∗EG = G.
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(2) let RY denote the ramification points of p and τ = {τy|y ∈ RY } the type of
E, i.e the conjugacy class of the representation τy : Γy → Aut(Ey). Then
we have an isomorphism of moduli stack
(2.0.2) MτY (Γ, G) =MX(G).
(3) under the above isomorphism (semi)-stable Γ-G bundles are identified with
(semi)-stable G-torsors respectively. Furthermore the above mentioned
identification passes to S-equivalence classes and we get
(2.0.3) M τY (Γ, G) =MX(G)
3. Ind-Grassmannian
Let R denote the set of parabolic points on X . For x ∈ R choose parahoric
group schemes Bx → Spec(OˆX,x). We shall denote
LX(G) = G(O(X \ R))
and the ind-Grassmannian by
(3.0.4) QG =
∏
x∈R
G(Kˆx)/Bx(Oˆx).
LetMX(G) be the moduli stack of parahoric G-bundles on X . The Uniformiza-
tion theorem (cf [1, BS,Section 3]) states that QG → MX(G) is a LX(G)-bundle
and we have an isomorphism of stacks
(3.0.5) QG/LX(G) =MX(G).
Here above we assume that R is non-empty i.e there is at least one parabolic
point. From this point of view, principal G-bundles are seen as those having trivial
parabolic structure at some point of X .
We now quote a proposition which is an ingredient in the proof of Proposition
3.0.2.
Proposition 3.0.1. [8, Prop 2.1] Let Y be an algebraic stack satisfying the fol-
lowing properties
(1) any class of H2(Y,Z) is represented by a line bundle on Y
(2) each holomorphic line bundle on Y admits an algebraic structure.
Then there are isomorphisms
(3.0.6) H2et(Y,Gm)torsion ≃ H
2(Y,O∗Y,an)torsion ≃ H
3
B(Y,Z)torsion
The proof of the following proposition is a slight generalization of [8, Prop 3.1].
Proposition 3.0.2. The cohomological Brauer group
H2et(QG,O
∗
QG)tor = 0.
Proof. Let us assume first thatG is simple and simply connected. We shall also han-
dle the case of one parabolic point x to begin with. Let QG denote G(Kˆx)/Bx(Oˆx).
Denoting I an Iwahori subgroup of G(Kˆx), the affine Weyl group by W˜ and WB
the Weyl group generated by reflections about those affine roots which preserve the
facet defining Bx, we have the affine Bruhat-decomposition
(3.0.7) QG = ∪w∈W˜/WBIw
′Bx(Oˆx)/Bx(Oˆx)
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where w′ is any element in the coset w of W˜/WBx (for the case B = L
+(G) cf. [13,
(2.1)]). Moreover this union is disjoint.
The affine weyl group W˜ is a Coxeter group and hence has the Bruhat partial
order. This partial ordering induces a partial ordering on W˜/WB as well as follows.
For u = umodWB and v = vmodWB, we have u ≤ v if there exists a w ∈WB such
that u ≤ vw. Following [13] we define the generalized schubert variety as
(3.0.8) Qw = ∪v≤wIvBx/Bx.
It has the structure of a finite dimensional projective, but not necessarily smooth,
variety over the complex numbers. So we have
(3.0.9) QG = lim−→
w∈W˜/WB
Qw.
The generalized Schubert variety Qw has a Zariski open subset IwBx/Bx which
is isomorphic to the affine space Al(w) where l(w) is the length of the smallest
element in the coset wWB .
Thus Qw has the structure of a CW complex with only even dimensional cells.
Hence for any w ∈ W˜ we have
(3.0.10) H3(Qw,Z) = 0 = H
3(Qw,Z)tor
which implies
(3.0.11) H3(QG,Z) = 0 = H
3(QG,Z)tor
By virtue of [12, Kumar-Nar, Pg 157, Lemma 2.2] both Qw and QG satisfy the
assumptions of Proposition 3.0.1, thus one has the isomorphisms
(3.0.12) H2et(QG,Gm) ≃ H
2(QG,O
∗
QG,an)tor ≃ H
3
B(QG,Z)tor
(similarly for Qw). In the case of more than one point, we have QG =
∏
x∈RQG,x.
From the Kunneth description of H3(
∏
x∈RQG,x,Z) we conclude that
(3.0.13) H3(QG,Z)tor = 0
Again the two conditions of Proposition 3.0.1 hold for QG by [12, Kumar-Nar, Pg
157, Lemma 2.2]. Hence we may invoke it to conclude our result.

4. LX(G)
Recall that LX(G) = G(O(X \ R)). This is a preparatory section. Our aim is
to generalize some results about LX(G) when |R| > 1.
The curve X \ R is a complex affine curve (Σ in notation of [22]) smoothly
deformable to a bouquet of N loops. We quote
Theorem 4.0.3. [22, Teleman] The natural inclusion LX(G) → C
∞(X \ R, G)
defines a homotopy equivalence.
It follows from [22, Page 12, section II, last para] that the homotopy type of
LX(G) equals that of G×ΩG
×N . Now the following corollary follows immediately.
Corollary 4.0.4. The ind-group LX(G) is connected and simply connected.
One proves as in [8, Biswas-Holla] the following proposition as application of the
Hurewicz theorem. We will appeal to it in Section 5.
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Proposition 4.0.5. Let G be semi-simple and simply connected. Let BLX(G) be
the classifying space of LX(G). Then
(1) H1(BLX(G),Z) = 0.
(2) H2(BLX(G),Z/nZ) = 0 for all n and
(3) H2(BLX(G),C
∗) = 0.
The remaining part of this section is geared towards proving Corollary 4.0.9
which says that every character χ : LX(G) → Gm is trivial. For the case of R
being a single point, this is proved in [14, Cor 5.2]. We generalize their proof to
the case of an arbitrary number of points.
Now we wish to generalize slightly [14, Prop 4.6]. Recall that an ind-scheme is
called reduced (resp. irreducible or integral) if it is a direct limit of an increasing
sequence of such schemes. To state our next proposition we need some notation.
Let R denote a C-algebra. Let LG denote the scheme whose R-points are
G(R((z))). Let P be a parahoric Bruhat-Tits group. Let ∞ →֒ P1 be a closed
point. We denote A∞ = OˆP1,∞, K∞ the quotient field of A∞, D∞ = Spec(A∞)
and D∗∞ = Spec(K∞). Let B → D∞ denote the Bruhat-Tits group scheme asso-
ciated to P . We denote by G → P1 the parahoric Bruhat-Tits group scheme on
P1 obtained by gluing the trivial group scheme G × P1 \ {∞} → P1 \ {∞} with
B → D∞ following [1, Section 5, BS].
Proposition 4.0.6. The ind-Grassmannian LG/B is integral.
Proof. We shall show that this ind-scheme is reduced and irreducible, which is
sufficient by [2, Lemma 6.3].
By (2.0.2), let Y → P1 be a Galois cover of curves with Galois group Γ such that
G torsors on P1 correspond to Γ-G bundles on Y (of some fixed type τ).
Let L<0G be the group scheme which for a C-algebra R associates the group
L<0G(R) consisting of those g ∈ G(P1 \ {∞} ×R) such that
lim
x×R→∞×R
g(x×R) = Id.
Lemma 4.0.7. The product morphism µ : L<0G×B → LG is an open immersion.
Proof. We first prove this for G = SL. We begin generalizing [2, Prop 1.11,BL]. Let
E → Y × S be a S-family of Γ-SL-bundles of type τ . Let p2 : Y × S → S denote
the second projection. We have a natural morphism θ : p∗2p2∗E → E of Γ-vector
bundles obtained by adjunction from Id : p2∗E → p2∗E. Let us show that the set
S0 = {s ∈ S|θY×s is an isomorphism}
is open. It is the set of s ∈ S such that EY×s identifies with the trivial bundle.
In fact EY×s identifies with the trivial bundle then it automatically identifies as a
Γ-vector bundle of type τ owing to the naturality of θ. By the Γ semi-continuity
theorem, this set is open. We conclude that given a S-family E of G-torsors (here
G = SL) the set of s ∈ S such that Es identifies with the trivial G-torsor is an open
subset.
Now consider the product map µ : L<0SL × B → LSL. This map is seen to be
injective: for example if y ∈ Y lies over ∞ ∈ P1, then B(A∞ ⊗C R) identifies with
the product over y ∈ p−1(∞) of the group of local automorphisms of E|Dy×R as a
Γ-SL bundle where Dy×R is a small disk around y×R, while L
<0SL identifies with
Γ-SL automorphisms of E|Y \{p−1(∞)}×R. In LSL(R) = SL(Kˆy⊗CR), the image of
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L<0SL (other than Id) consists of elements with strictly negative valuation, while
those of B(A∞ ⊗C R) consists of elements with non-negative valuation. Thus their
intersection consists of just Id.
The image of L<0SL×B represents the functor that to a C-algebra R associates
(E , ρ, δ) where E → P1R is a R-family of trivial G-torsors on P
1, ρ is a trivialization
of E|P1\{∞}×R with SL × P
1 \ {∞} × R and σ is a trivialization of E|D∞×R with
B(A∞⊗CR)×D∞(R). On the other hand, a slight generalization of [2, (1.5),(1.6)]
shows that LSL represents the functor that to a C-algebra R associates a (E , ρ, σ)
where E is simply any R-family of G-torsors but ρ and σ are trivializations as
before. Thus, using preceding notation, µ induces an isomorphism of L<0SL × B
with LSL0 = SL(K∞)
0, which is open as before.
Now we return to the case of a generalG. Consider the map µ : L<0G×B → LG.
As for SL one proves that µ is injective (take a faithful representation).
We begin by making a general remark. Let F → Y × S be a S-family of Γ-G
bundle together with a trivialization at y×S. Then taking a faithful representation
G →֒ SL, the set S0 of s ∈ S where F (SL)s becomes trivial is open as above. The
natural section Y × S → F (SL/G) restricted to S0 gives a map Y × S0 → SL/G
where the last space is affine. Since Y is projective hence this map factors through
a morphism S0 → SL/G. The trivialiation at y × S, implies then that the map
S0 → SL/G must be constant map mapping to the identity coset. Thus S0 is also
the set the points s ∈ S where E|Y×s is isomorphic to the trivial Γ-G bundle of type
τ . We conclude that given a S-family F of G-torsors over P1, the set S0 of points
s ∈ S where F|s becomes trivial is open in S. We apply this general observation
to the map µ to observe that its image is precisely LG0 and thus open. 
Since G is simply connected so LG is connected. Hence by [19, Prop 3], LG
is irreducible and thus so is LG/B. On the other hand, by the proof of [14, Prop
4.6], it follows that L<0G is integral. Now one concludes owing to the fact that
L<0G→ LG/B is an open immersion. 
Proposition 4.0.8. The ind-scheme LX(G) is integral.
Proof. By Corollary 4.0.4, LX(G) is connected and by [19, Prop 3], connected ind-
schemes are irreducible. Now let us show that it is reduced. By the uniformization
theorem π :
∏
x∈R LG/Bx → MX(G) is a LX(G) bundle. Thus, taking Ω →
MX(G) an e´tale neighbourhood, π is simply Ω×LX(G). But we saw in Prop 4.0.6
that LG/B is integral and thus so is
∏
x∈R LG/Bx, and thus reduced. Now we
conclude by the fact that MX(G) is smooth by [11]. 
One proves the following corollary as [14, Cor 5.2].
Corollary 4.0.9. Every character χ : LX(G)→ Gm is trivial.
5. Brauer group of moduli stack: G is simply connected
Recall that for a stack Y , the torsion groupH2et(Y,C
∗) is called the cohomological
Brauer group.
Theorem 5.0.10. Let G be a simply connected and semi-simple group. Then
Br(MX(G)) = 0.
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Proof. For the principal LX(G)-bundle QG → MX(G), the descent spectral se-
quence with values in O∗ in the analytic topology (cf [15, page 371, Cor 3.2], see
also [22, page 10 (1.9) and page 27 (5.5)]) gives
0→ H1(BLXG,C
∗)→ H1(MX(G),O
∗)
θ
→ H0(BLXG,H
1(QG,O
∗))
→ H2(BLXG,C
∗)→ ker[H2(MX(G),O
∗)→ H0(BLXG,H
2(QG,O
∗))]
→ H1(BLXG,H
1(QG,O
∗))→ . . . .
Firstly, let s be the number of almost simple factors in the product decomposition
of G. Then one has H1(QG,O
∗) =
∏
x∈R Z
s by [3, BLS,p186, Lemma 1.4]. Thus
from Prop 4.0.5(1) we get
(5.0.14) H1(BLXG,H
1(QG,O
∗)) = 0.
On the other hand by Prop 4.0.5(3), we get H2(BLXG,C
∗) = 0.
Secondly, the image of the cohomological Brauer group H2anal(MX(G),O
∗)tor
falls in the torsion subgroup of H0anal(BLXG,H
2(QG,O
∗)) which equals
H0anal(BLXG,H
2(QG,O
∗)tor).
We proved H2et(QG,O
∗)tor = 0 in Proposition 3.0.2. We invoke [22, Te, Prop 5.1
and Remark] for the case of one parabolic point, and [11, Heinloth, pg 519, Section
7] for multiple parabolic points, to say that the two conditions of Prop 3.0.1 are
satisfied for QG. It follows that H
2
anal(QG,O
∗)tor = 0. Thus
(5.0.15) H0(BLXG,H
2(QG,O
∗)tor) = 0.
Now the claim follows easily in analytic topology. To make it algebraic we invoke
[22, Te, Prop 5.1 and Remark] for the case of one parabolic point, and [11, Heinloth,
pg 519, Section 7] for multiple parabolic points, which describe Pic(MX(G)), to say
that the two conditions of Prop 3.0.1 are satisfied for MX(G). They are satisfied
because we checked in Prop. 3.0.2 that they hold for QG and by 3.0.4, QG →
MX(G) is a LX(G)-bundle. Thus Br(MX(G)) = 0.

6. Characterizing smooth locus of M ssX (G) as M
rs
X (G)
In this section M ssX (G) denotes the equivalence classes of polystable G-torsors
on X (cf [1]). We shall abbreviate it to MX(G) if there are too many notations.
The main result Prop 6.0.17 states that like for moduli of semi-stable G-bundles,
for parahoric bundles also, the smooth locus of moduli consists of regularly stable
G-torsors.
We recall that a principal G bundle F is called regularly stable if the natural
morphism ZG → Aut(F ) is an isomorphism. Here below is a slight generalization
of this concept to G-torsors.
Definition 6.0.11. We say that a G torsor F is regularly stable if under the
isomorphism 2.0.2 the corresponding Γ-G bundle F on Y is regularly stable.
Since ZG is discrete, so a section of FG is automatically Γ-invariant. Thus the
above definition is independent of the choice of cover and is intrinsic therefore to
F .
Proposition 6.0.12. Let E be a Γ-G bundle. Then the group scheme pΓ∗EZG is
isomorphic to the constant group scheme ZG/X .
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Proof. The G-action on ZG by conjugation is trivial, so E ×G ZG identifies with
the constant group scheme ZG/Y . Now a section over Y must be constant because
ZG is affine, and so is automatically Γ-equivariant. 
We shall denote ΣG ⊂M
sing
X (G) the set of equivalence classes of those torsors E
such that every neighbourhood U ⊂MX(G) of [E ] contains an open neighbourhood
[E ] ∈ U ′ ⊂ U for which U ′ \M singX (G) is connected and simply connected.
Let H be a Levi of a maximal parabolic P of G. We shall assume that P
corresponds to the root αi of the Dynkin diagram of G. Let H → X be a group
scheme with generic fiber the split group H → Spec(K(X)). We assume that H on
extension of structure group gives G → X . For example, H → X maybe obtained
following the construction in (2.0.1) by twisting the constant group scheme H → Y
by a Γ-H bundle. Then it is clear that H on extension of structure group gives G.
Proposition 6.0.13. Let E be a principalH-torsor on X such that EG is polystable
with Aut(EG) = ZH . Then the point [EG ] ∈MX(G) is in ΣG when gX ≥ 3.
Proof. Luna’s e´tale slice theorem implies that MX(G) near the point [EG ] is ana-
lytically isomorphic to
(6.0.16) H1(X, ad(EG))//Aut(EG).
Here above ad(EG) is a parabolic vector bundle p
Γ
∗ad(EH ×
G g) where EH under
the isomorphism 2.0.2 corresponds to EH. Also Aut(EG) = ZH acts on the vector
space via the adjoint action of ZH on p
Γ
∗Eg where Eg = E ×
G g with the adjoint
action of G on g. Note that by Prop 6.0.12, ZH = ZH .
Since the subgroup scheme ZG of ZH acts trivially, we obtain an action of
pΓ∗ZH/ZG on p
Γ
∗Eg from the isomorphism αi : ZH/ZG → C
∗.
We have a decomposition
(6.0.17) ad(EG) = ⊕m∈Zad(EG)m
with ad(EG)m = E ×
H pΓ∗gm where αi acts on gm through character z 7→ z
m.
Since EG is semi-stable, this implies that ad(EG) is a semi-stable parabolic vector
bundle of parabolic degree zero. Also ad(EG)m has parabolic degree zero.
We now wish to estimate the dimension of
Vm = H
1(X, ad(EG)m) ⊂ H
1(X, ad(EG)) = V
for a m appearing in 6.0.17.
For some sky-scraper sheaf S we have
(6.0.18) 0→ p∗pΓ∗E(g)m → E(g)m → S → 0.
Note that
H1(Y,Γ, E(g)m) ≃ H
0(Y,Γ, E(g)∗m ⊗KY )
∗.
But
H1(X, pΓ∗E(g)m) ≃ H
0(X, pΓ∗E(g)
∗
m ⊗KX)
∗ ≃
H0(Y,Γ, p∗(pΓ∗E(g)
∗
m ⊗KX))
∗
և H0(Y,Γ, p∗pΓ∗E(g)
∗
m ⊗KY )
∗
և H0(Y,Γ, E(g)∗m ⊗KY )
∗ ≃ H1(Y,Γ, E(g)m).
Hence
h1(Y,Γ, E(g)m) ≥ h
1(X, pΓ∗E(g)m)
≥ h1 − h0 = − deg(pΓ∗E(g)m) + rank(E(g)m)(gX − 1).
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Now deg(pΓ∗E(g)m) ≤ 0 and rank(E(g)m) ≥ 1. Hence when gX ≥ 3, then we
have h1(Y,Γ, E(g)m) ≥ 2. Now the conclusion follows by Lemma 6.0.14.

Lemma 6.0.14. [7, Lem 1.2] Let G = C∗ act linearly on the finite dimensional
complex vector space V with associated weight decomposition
V = ⊕m∈ZVm.
Suppose both V−1 and V+1 have dimension ≥ 2. Then
(1) The quotient S = V//C∗ is singular in s0 = p(0).
(2) Every neighbourhood s0 ∈ U ⊂ S in the Euclidean topology contains an
open neighbourhood s0 ∈ U
′ ⊂ U such that U ′ \ Ssing is connected and
simply connected.
Corollary 6.0.15. The strictly semi-stable locus MG \M
stab
G is the Zariski closure
of the subset ΣG ⊂MG .
Proof. The proof is like in [8, Biswas-Holla] except that instead of π1(X, x0) one
argues with the deck transformation group π of the composite HY → Y → X where
HY → Y is the universal covering map. 
Proposition 6.0.16. Let E be a G-torsor. Suppose E is stable but not regularly
stable. Then
(1) the point [E ] ∈M ssX (G) is singular.
(2) There is a neighbourhood [E ] ∈ U ⊂ M ssX (G) in the Euclidean topology
such that for every open neighbourhood [E] ∈ U ′ ⊂ U with U ′ \M singX (G)
connected, we have π1(U
′ \M singX (G)) is non-trivial.
Proof. The proof is very similar to that of [7, BHf2, Prop 2.3] with the only new
ingredient a dimension estimate as in the proof of Proposition 6.0.13. Here we only
need gX ≥ 2.

Proposition 6.0.17. The smooth locus of M rsX (G) is the locus of regularly stable
G-torsors on X .
Proof. The closed setM ssX (G)\M
stab
X (G) by Corollary 6.0.15 is the closure of ΣG and
thus is contained in the closed set M singX (G). By proposition 6.0.16, it remains to
show thatMX(G) is smooth at regularly stable bundles. Since M
rs
X (G) corresponds
to M τY (Γ, G), so if E corresponds to E on Y then E is regularly stable in the usual
sense.
By [11, Prop 1], both Mτ (Γ, G) and MY (G) are smooth stacks. It is easy to
see that the forgetful morphismMτY (Γ, G)→MY (G) is smooth too sinceMY (G)
is also separated. It is well known that a Γ-G bundle is semi-stable if and only if
the underlying bundle is semi-stable. Hence the forgetful morphism MτY (Γ, G) →
MY (G) restricts well to the semi-stable loci (but note that forgetful map does not
restrict well to the stable loci).
Lemma 6.0.18. The forgetful map restricts well to the regularly stable loci.
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Proof. Indeed, if a regularly stable Γ-G bundle E were not stable as a G-bundle,
then it would admit a reduction of structure group to a parabolic P , and its au-
tomorphism group (as a G-bundle) would contain the center ZH of the associ-
ated Levi subgroup of P . Let P correspond to the deletion of simple roots {αi}
from the Dynkin diagram of G. Now ZG ⊂ ZH is a strictly proper subgroup
since the quotient admits non-trivial characters given by {αi}. Hence the inclusion
ZG ⊂ AutΓ−G(E) is strict and so E is not regularly stable even as a Γ-G-bundle.

We also have a forgetful map at the level of moduli spaces M τY (Γ, G)→M
ss
Y (G)
since Γ-S equivalence classes are afortiori identified under S-equivalence relation.
This forgetful map again maps M τ,rsY (Γ, G) into M
rs
Y (G). By proposition 7.0.21
Mτ,rsY (Γ, G)→M
τ,rs
Y (Γ, G) and M
rs
Y (G)→M
rs
Y (G) are gerbes banded by ZG.
Lemma 6.0.19. The map M τ,rsY (Γ, G)→M
rs
Y (G) is smooth.
Proof. We need to check formal smoothness. Let (A,m) be an Artin ring such
that m2 = 0. Now any map ψ : Spec(A) → M rsY (G) lifts to moduli stack locally
because MrsY (G) → M
rs
Y (G) is a gerbe. Further it lifts to M
τ,rs
Y (Γ, G) because of
smoothness. Then we can compose with Mτ,rsY (Γ, G) → M
τ,rs
Y (Γ, G) to get a lift
of ψ. 
Now the result follows from the corresponding result for G-bundles (cf [7, Cor
3.4,BHf2]) which states that M rsY (G) is smooth locus of M
ss
Y (G).

7. Co-dimension of MrsX (G) in MX(G) is two
In this section, we would like to generalize the following theorem to parahoric
torsors, which is proved for gX ≥ 4 in any characteristic.
Theorem 7.0.20. [6, Theorem 2.5] The co-dimension of MrsX (G) in MX(G) is
two.
More precisely, we want to prove in characteristic zero for gX ≥ 3 the following
proposition.
Proposition 7.0.21. Let G be a semi-simple group. We have
(1) MrsX (G) is an open substack of the moduli stack MX(G). Further in char-
acteristic zero, and when gX ≥ 3, then the complement of it in MX(G) is
of co-dimension at least two.
(2) The morphism p :MrsX (G)→M
rs
X (G) is a gerbe banded by ZG.
We could not find a suitable reference. So we give details of the changes from
the usual G-bundle setting to parahoric setting following the very natural proof
scheme of [6] closely.
7.1. Reduction to G of adjoint type. Let G be a semi-simple group and Z its
centre as in the introduction. Let π : G→ G/Z be the projection.
For any G-torsor E , and the associated G/Z-torsor π∗E , we have
(7.1.1) Aut(E)/Z ⊂ Aut(π∗E).
Thus MrsX (G) contains the inverse image of M
rs
X (G/Z) under the 1-morphism π∗ :
MG →MG/Z .
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Lemma 7.1.1. The morphism π∗ is flat.
Proof. The proof is completely analogus to [4, Lemma 2.2.2] where it is proved for
the constant group scheme X × G → X . We only mention two facts. Under the
isomorphism of stacks MX(G) → M
τ
Y (Γ, G), it is easy to find a Γ-T bundle E
which extends to give an element of MτY (Γ, G). Now we may twist the constant
torus group scheme Y ×T → Y to get ET . We denote its invariant direct image as
T . Now the morphism
(7.1.2) MX(T )→MX(T /ZG)
is faithfully flat because it is actually a H1(X,ZG) bundle. The other fact used in
the proof is that MX(B) → MX(G) is a smooth surjective map. This follows as
in Drinfeld-Simpson with the only other ingredient that any Γ-G bundle admits a
Γ-B reduction of structure group. 
By flatness of π∗ it follows that it suffices to prove the proposition 7.0.21 for
G/Z. In this section, from now on, let us assume that G is of adjoint type.
7.2. Reduction to a Brill-Noether locus problem. Our second reduction will
be to a Brill-Noether locus problem. Let E be a G-torsor on X . If the adjoint
bundle ad(E), which is a parabolic vector bundle, has only scalar endomorphisms
then Aut(E) must be trivial. Thus the complement of the regulary stable locus is
contained in the Brill-Noether locus WEnd(g)/k ⊂MX(G) where for a G-module V
we define
(7.2.1) WV = {E ∈ MX(G)|H
0(X, E(V )) 6= 0} ⊂MX(G).
Here above by sections we mean parabolic sections.
Now we suppose that WEnd(g)/k ⊂ MX(G) contains a divisor D and derive a
contradiction. Since MX(G) is smooth (cf [11]), so the sheaf of ideals O(−D) is
a line bundle. Recall the isomorphism 2.0.2 of stacks. Since H0(MY (G),O) = 1,
so h0(MX(G),O) = h
0(MτY (Γ, G),O) = 1. Thus the zero locus of a Γ-invariant
section is the whole space or empty (but not the divisor D). Hence O(−D) is
non-trivial.
Any Γ-G bundle admits a Γ-B reduction of structure group. Similar to the
construction of G as invariant direct image of the twisted group scheme EG → Y ,
by taking a Γ-B reduction EB of E, we may form the group scheme B → X as the
invariant direct image of the twisted group scheme EBB → Y . Thus in view of the
isomorphism (2.0.2) of stacks, we have the 1-morphismMX(B)→MX(G).
Lemma 7.2.1. The pull-back of OM(−D) → MX(G) to MX(B) is again non-
trivial.
Proof. For the case of principal G-bundles, one may refer the reader to [6, Proof
of Prop 5.1] where the reference given is [4, Lemma 5.2.6]. We postpone the proof
until subsection 8.4, where all the necessary notions would be developed. 
7.3. Estimate of codimension of WEnd(g)/k in MX(B). The rest of our proof
will show that WEnd(g)/k ⊂MX(B) has codimension two. This way we will obtain
a contradiction.
Note that WV ⊂ WV ′ ∪ WV ′′ whenever we have a short exact sequence 0 →
V ′ → V → V ′′ → 0 of B-modules. We want to break up the B-module End(g)/k.
For this we introduce some notation first.
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For any character χ : B → Gm let lχ denote the associated 1-dimensional rep-
resentation. Let H = Ga ⋊ Gm denote the semi-direct product for the standard
action of Gm on Ga. Let π : Ga ⋊ Gm → Gm denote the projection. Now consider
the 2-dimensional H module p given by H → GL2 which sends t ∈ Ga to
(
1 0
t 1
)
and h ∈ Gm to
(
1 0
0 h
)
. In particular, we get the exact sequence of H-modules
(7.3.1) 0→ lpi → p→ l0 → 0.
We now quote (adapted to characteristic zero)
Proposition 7.3.1. [6, Cor 4.5] The B-module End(g)/k is a successive extension
of B-modules of the form
(1) lα for some root α
(2) lα−β for some pair of different roots α 6= β
(3) pi for some simple root αi.
Now we would like to estimate the co-dimensions of Wlα , Wlα−β and Wp in
MX(B) and show that they are at-least two when gX ≥ 3. The following two
lemmas are preparatory for the third.
The following lemma generalizes slightly [6, Lemma 3.1]. Consider the natural
map χ∗ : M
τ
Y (Γ, G) → M
τ
Y (Γ,Gm). Let d ∈ H
2(Y,Γ, ZG) be the image under
H1(Y,Γ, G) → H2(Y,Γ, ZG) of M
τ
Y (Γ, G). For a character χ : G → Gm, let χ(d)
denote the the underlying degree of the parabolic line bundles on X corresponding
to MτY (Γ,Gm).
Lemma 7.3.2. The co-dimension of Wlχ in M
τ
Y (Γ, G) is at-least gX − χ(d).
Proof. We consider first the case of G = Gm and χ = Id. Note that WlId ⊂
MτY (Γ,Gm) is empty if d as defined above is negative. This is so because any Γ-
line bundle L fits into the sequence 0→ p∗pΓ∗L→ L→ S → 0 for some sky-scraper
sheaf S. Now a Γ-invariant section in H0(Y,Γ, L) must evaluate to zero in S and
hence gives a Γ-invariant section of p∗pΓ∗L. The degree of p
Γ
∗L is d and hence if it
is negative, then there is no non-trivial Γ-invariant section.
For d ≥ 0, the locus WlId corresponds to the image of the Abel-Jacobi map
Xd →MτY (Γ,Gm) which will have image of dimension d and hence of co-dimension
gX − d.
In the general caseWlχ is the inverse image ofWlId ⊂M
τ
Y (Γ,Gm) under χ∗. So
it suffices to show that χ∗ is flat. This proof is identical to the remaining part in
[6, Lemma 3.1]. 
For each simple root αi, we define a homomorphism of algebraic groups
(7.3.2) πi : B = U ⋊ T → H = Ga ⋊Gm
as the product of αi : T → Gm with the projection U → Ga that vanishes on all
Uβ where β is a simple root other than α and maps exp(teαi) ∈ Uαi to t ∈ Ga.
We thus also obtain a morphism π∗ : M
τ
Y (Γ, B) → M
τ
Y (Γ, H). We denote
MX(H) the stack isomorphic to M
τ
Y (Γ, H) by the isomorphism (2.0.2).
The following lemma generalizes [6, Lemma 3.2].
Lemma 7.3.3. The locus Wp \WlId ⊂MX(H) has dimension gX − 1.
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Proof. We have an equivalence of categories between H-torsors and exact sequence
of parabolic vector bundles
(7.3.3) 0→ L→ E → OX → 0
where rank(L) = 1 and rank(E) = 2. The fiber of π∗ : MX(H) → M
τ
Y (Γ,Gm)
over the parabolic line bundle L parametrizes extensions of OX by L. Since the
parabolic structure on L is fixed, these correspond bijectively to extensions of OX
by line bundles of fixed degree d.
Here below by sections we mean parabolic sections. Let a parabolic line bundle L
withH0(X,L) = 0 be given. Consider an extension E ofO by L. NowH0(X, E) 6= 0
if and only if the equation (7.3.3) splits as an extension of parabolic vector bundles.
Hence the restriction of the 1-morphism π∗ :MX(H)→M
τ
Y (Γ,Gm) to Wp \WlId
is an isomorphism onto MτY (Γ,Gm) \ WlId . But since the parabolic structure is
fixed, so it is an isomorphism also onto MGm \ WlId . Now the result follows by
observing that the moduli stackMGm has dimension gX − 1. 
The following lemma generalizes [6, Cor 3.3].
Lemma 7.3.4. Let MdX(H) ⊂ MX(H) denote the substack consisting of exten-
sions of O by parabolic line bundles L whose underlying degree is d. If d ≤ 0, then
Wp has codimension at-least gX − 1 in M
d
X(H).
Proof. By forgetting the parabolic structure (which is fixed) in MτY (Γ,Gm), we
obtain a morphism MdX(H) →M
d
Gm
. Since the fibers are parametrized by exten-
sions of O, the above 1-morphism is smooth of relative dimension gX − 1− d by [4,
Lemma 2.10]. HenceMdX(H) has dimension 2gX − 2− d. If d ≤ 0, then by Lemma
7.3.3 the codimension of Wp \ WlId is at-least gX − 1, and by Lemma 7.3.2 the
codimension of WlId is at-least g. These together imply the assertion claimed. 
After these preparations we can now finish the proof of the Proposition 7.0.21.
Proof of Prop 7.0.21. Ther kernel of 7.3.2 is smooth. Thus by deformation theory,
the morphism (πi)∗ : MX(B) → MX(H) is smooth. Now if we take gX ≥ 3, it
follows by Lemma 7.3.4 that codimension of WEnd(g)/k ⊂ MX(B) is at-least two.
This means that the pull-back of O(−D) → MX(G) to MX(B) is trivial, which
contradicts Lemma 7.2.1. This means that the divisor D ⊂MX(G) is empty.
The second claim of MrsX (G) → M
rs
X (G) being a ZG-gerbe follows immediately
from Prop 6.0.12. 
8. Brauer group of moduli space M rsX (G)
For a smooth variety Y , recall that by a theorem of Grothendieck H2(Y,Gm)
is always torsion (cf [16]). On the other hand, by a theorem due to Gabber (cf
[10]), for a quasi-projective variety, H2(Y,Gm)tor coincides with the Brauer group
of morita equivalence classes of Azumaya algebras. Taking Y = M rsX (G), after
Section 6 where we proved that it is the smooth locus of M ssX (G), it follows that
the Brauer group, the H2(Y,Gm) and H
2(Y,Gm)tor all coincide.
8.1. Reduction to Brauer group of M rsX (G). Let us denote the class of the
gerbe MrsX (G) → M
rs
X (G) by ψ ∈ H
2(M rsX (G),O
∗). Given any line bundle L on
MrsX (G), one defines a notion of weight of L as χ : ZG → Gm (cf [6, BHf1]). Let
us quickly recall it. A line bundle L on M defines, for any C-scheme S, a functor
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fromM(S) to the groupoid of line bundles on S. Thus for every object E ∈ M(S),
we have a group homomorphism LS,E : AutM(S)(E) → AutOS(LS(E)) = Gm(S).
Since Z(S) →֒ AutM(S)(E), we get a M-morphism of Z ×M → Gm ×M. Since
M is connected, we get the weight homomorphism Z → Gm of L.
Proposition 8.1.1. We have an exact sequence
(8.1.1) 1→ Pic(M rsX (G))→ Pic(M
rs
X (G))
wt
→ Hom(ZG,Gm)
ψ∗
→ Br(M rsX (G))→ 1
Proof. For any gerbe M→ M banded by an abelian group scheme Z, by [8, BH,
Lemma 4.4] we have the sequence the Leray spectral sequence for O∗M →M→M
(8.1.2) 1→ Pic(M)→ Pic(M)
wt
→ Hom(Z,Gm)
ψ∗
→ Br(M)→ Br(M)
Applying the above to MrsX (G) → M
rs
X (G), Z = ZG and using the Propositions
3.0.2 and 7.0.21 we get the desired result. 
8.2. Construction of line bundle of central charge one onMX(G). We refer
the reader to [14, Laszlo-Sorger, page 13] or [20, page 131] for the construction of
the canonical extension
(8.2.1) 1→ Gm → LˆG→ LG→ 1.
Let us content ourselves with a quick summary. If π : Lˆg→ End(H) is an integral
highest weight representation, then it might be integrated to a unique algebraic
representation π : LG→ PGL(H) whose derivative is π upto homothety. Consider
the basic representation H1(0) of Lˆg. The extention (8.2.1) is defined as the pull-
back of
1→ Gm → GL(H1(0))→ PGL(H1(0))→ 1
by π : LG→ PGL(H1(0)).
By [14, Lem 4.9], the restriction of (8.2.1) to L+G splits canonically. The fol-
lowing proposition extends this result to any parahoric subgroup of LG(R) where
R is a C-algebra. But before we recall some facts about parahoric groups.
For this recapitulation, let K denote a local field, with ring of integers A and
uniformizing parameter π. We fix a maximal torus T in G, which is assumed to be
split. Let R = R(T,G) denote the root system of G. Thus for every r ∈ R, we have
the root homomorphism {ur : Ga → G|r ∈ R}. Let Y (T ) denote the group of one
parameter subgroups of T . Let E denote Y (T ) ⊗Z R. For any non-empty subset
Θ ⊂ E, let us recall the definition of parahoric group schemes PΘ → Spec(A).
We have PΘ(A) ⊂ G(K) in the sense of Bruhat-Tits theory (cf [9]) is defined
as the subgroup generated by T (A) and the ur(π
mrA) where mr = mr(Θ) =
−[infθ∈Θ(θ, r)]. Moreover, by [9, Section 1.7] the group scheme P is uniquely
determined by its A-valued points when A is a complete discrete valuation ring.
For the considerations of this paper, A will be Oˆp for some p ∈ R. So we will often
work with the group scheme P or its A-valued points interchangeably.
We define the indgroup scheme LP whose R valued points, for R a C-algebra,
consists of the subgroup of G(R((π)) generated by T (R[[π]]) and ur(π
mrR[[π]]).
Lemma 8.2.1. Then the restriction of (8.2.1) to LP also splits canonically.
Proof. We use the fact that after going to a finite extension B of the discrete
valuation ring A = C[[π]], one can always realise P(A) →֒ G(B) and the image is
14
unique upto conjugation by x ∈ G(B). Note that P(A) = LP(C). Let L denote
the quotient field of B. Consider the diagram
(8.2.2) H2(G(L),Gm) //

H2(G(K),Gm)

H2(G(B),Gm) // H2(P(A),Gm).
The second vertical arrow is the restriction map under consideration. It factors
through the first vertical map which is zero. This can be seen by applying [14,
Lem 4.9] to 1 → Gm → ˆG(B) → G(B) → 1, which says that this sequence is
split. Further two different inclusions P(A) →֒ G(B) differ by conjugation by an
element in x ∈ G(B). The two induced maps H2(G(B),Gm) → H
2(P(A),Gm)
agree because conjutation acts as identity on the group H2(G(B),Gm). 
Consider the character Pˆ = Gm × P
χ0
→ Gm defined by the first projection. We
may define a line bundle OQP (1) on the homogenous space QP = LˆG/Pˆ = LG/P
associated to the character χ = χ−10 . As in [14, Lemma 4.11], this line bundle
generates the Pic(QP) when P is a maximal parahoric.
Let LLG denote the indgroup scheme whose R-valued points are G(R⊗C L) for
a C-algebra R.
Lemma 8.2.2. Fix an inclusion P(A) →֒ G(B). Then under the natural map
LG/LP → LLG/L
+
LG, the pull-back of OQG(B)(1) is OQP (1).
Proof. This follows directly by construction because both line bundles are defined
by the character χ, which is the inverse of the first projection ˆG(B) → Gm (or
Pˆ → Gm). 
Proposition 8.2.3. The line bundle OQP (1) has central charge one.
Proof. Firstly note that OQP (1) as we have defined above agrees with the pull-
back via G(K)/P(A) → G(L)/G(B) of the line bundle of central charge one on
G(L)/G(B) owing to 8.2.2. The central charge homomorphism on any line bundle
is defined (cf [11, Heinloth, page 519, section 7] as the weight of the action of
Gm ⊂ ˆG(K) on it. By Lemma 8.2.2, this weight coincides with the action of
Gm ⊂ ˆG(L) on OQG(B)(1). Now recall that OQG(B)(1) has central charge one. 
Now we may define a line bundle LQ on QG =
∏
x∈RQ/Px by taking products
of pull-backs of OQPx (1) to QG.
Lemma 8.2.4. The restriction of (8.2.1) to LX(G) splits canonically.
Proof. The proof is exactly as in [20, Section 3.3] with the only new ingredient that
LX(G) (defined for X \ R) is integral, which was proved in Prop 4.0.8. 
Thus LQ descends, as say LM, to the moduli stackMX(G).
Proposition 8.2.5. The line bundle LM has central charge one.
Proof. By Proposition 8.2.3, since the weight of the Gm ⊂ ˆG(K) action on OQP (1)
is one. So it is also one on LM which is their box-tensor product. 
Proposition 8.2.6. Let ρ : G → SL be a representation. Then the pull-back of
LM(SL) via MX(G)→MX(SL) equals L
dρ
M where dρ is the Dynkin index of ρ.
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Proof. For x ∈ R, the group scheme P → Spec(Ax) is defined, say by the local rep-
resentation type τy for y lying over x. We denote by PSL → Spec(A) the associated
parahoric special linear group scheme. Consider the commutative diagram
(8.2.3) G(L)/G(B) // SL(L)/SL(B)
G(K)/P(A) //
OO
SL(K)/PSL(A)
OO
.
By results of Kumar, Narasimhan, Beauville, Laszlo, Sorger and Faltings in the
theory of principal G-bundles, one knows that under the upper horizontal arrow,
the pull-back of the generator of Pic(SL(L)/SL(B)) is mapped to dρ times the
generator of the other. By Lemma 8.2.2, it follows that for any x ∈ R, the pull
back of OQPSL (1) equals OQP (dρ). Now the result follows from the construction of
LQ and LM. 
8.3. Passage to residue field of parahoric groups. Let K be a local field with
maximal ideal p. For simplicity, we shall fix an apartment A of G(K) together with
an origin. In other words, we have fixed a pinning (T,B) of G. Let B be a parahoric
group defined by a facet F . The constructions cited below are independent of the
point x chosen in the facet F .
Let Ψ denote the set of affine roots and Φ the set of roots of G. For ψ ∈ Ψ, we
write Xψ for the associated root homomorphisms. If we further fix an origin 0 ∈ A,
then one may write ψ = α + n, where α is a root of G and Xψ = Xα(p
n). For
x ∈ A, one defines parahoric group as
(8.3.1) Gx = 〈T (R),Xψ|ψ ∈ Ψ, ψ(x) ≥ 0〉
and pro-unipotent radical group of Gx as
(8.3.2) G+x = 〈T (1 + p),Xψ|ψ ∈ Ψ, ψ(x) > 0〉
where T (1 + p) = 〈hα(t)|α ∈ ∆, t ∈ 1 + p〉.
For x ∈ A, we define the root system Φx based at x by
(8.3.3) Φx = {α ∈ Φ|α(x) ∈ Z}.
Proposition 8.3.1. [18, Thm 3.17] The residue group Gx = Gx/G
+
x is isomorphic
to the generalized Levi of G with root system Φx.
8.4. The homomorphism Pic(Mrs) → Hom(ZG,C
∗). We wish to explicit the
weight map Pic(Mrs)→ Hom(ZG,C
∗). Note that a line bundle L onMrs equally
corresponds to a functorial assignment, for any scheme S given by
L : Mrs(S) → Pic(S)
F 7→ LFS
(8.4.1)
of a line bundle LFS whenever we have a G-torsor F → X × S. For any parabolic
point p ∈ R let Gp = Gp/G
+
p denote the associated generalized Levi. Any F →
X × S by restriction to p × S defines a Gp-torsor Fp on S. For any character
χ ∈ Hom(Gp,Gm), we thus obtain a line bundle Fp(χ) on S. Thus, fixing p and χ,
we obtain a functorial assignment F → Fp(χ) over S which in other words is a line
bundle Lp,χ →M
rs. Let us explicit wt(Lp,χ) ∈ Hom(ZG,C
∗). On S-valued points
of Mrs by composing
(8.4.2) ZG → AutX×S(F)→ Autp×S(Fp)→ Autp×S(Fp(χ)) = O
∗
S .
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we obtain ZG → O
∗
S . But the image lands in C
∗ ⊂ O∗S because ZG action on
F , being through torsor-automorphisms, is by scalars. This gives wt(Lp,χ) ∈
Hom(ZG,C
∗).
Let LrsM denote the restriction of LM to the open-substack M
rs
X consisting of
regularly stable G-torsors. Let QrsG denote the inverse image of M
rs
X under QG →
MX(G). Finally L
rs
Q the restriction of LQ to it.
The argument below is a slight generalization of [20, page 132].
Proposition 8.4.1. The line bundle LrsM → M
rs
X (G) descends under M
rs
X (G) →
M rsX (G) to the coarse moduli space.
Proof. Recall that MrsX (G) → M
rs
X (G) is a Z(G)-gerbe. Since QG → MX(G) is
a LX(G)-bundle, so it follows that Q
rs
G → M
rs
X (G) is a LX(G)/Z(G)-bundle. The
main observation is that the center Z(G) of G acts trivially on H1(0). Thus L
rs
Q is
LX(G)/Z(G)-linearized and descends to a line bundle L
rs
M on M
rs
X (G). By simple
diagram chase, it follows that pull-back of LrsM to M
rs is LrsM.

Proposition 8.4.2. The image of the weight map Img(wt) equals the subgroup
of Hom(ZG,C
∗) generated by wt(Lp,χ) as p varies in R and χ in the group of
characters X∗(Gp) of the generalized Levi Gp at p.
Proof. We have Pic(Mrs) = Pic(M) because Mrs is an open subset of M of
co-dimension two.
We first argue for the line bundle LrsM on M
rs
X (G) given by central charge one,
in other words the line bundle obtained from M rsX (G) by Proposition 8.4.1. By the
exact sequence (8.1.1), its image in Hom(ZG,C
∗) is trivial.
Thus in our description of the wt homomorphism we have described it for
all generators of Pic(QG), namely pull-backs LM and Lp,χ. Each of them can
be equipped with one and only one linearization by Corollary 4.0.9 and further
Pic(QG)
LXG = Pic(M). Thus Img(wt) = 〈Img(Lp,χ)〉. 
Remark 8.4.3. The taking trivial parahoric structure, the above gives a different
proof to [8, Cor 6.5 Thm 4.5] for the case of G-bundles.
Theorem 8.4.4. The Brauer group of Mrs is isomorphic to the quotient of
Hom(ZG,C
∗) by the sums over p ∈ R and χ ∈ X(Gx) of the composite ZG →
G(Kˆx)→ Gx
χ
→ C∗.
Proof. Interpreting the action of the pull-back of Lp,χ to QG by 8.4.2, we find that
the image Img(Lp,χ) equals the composite ZG → G(Kˆx) → Gx
χ
→ C∗. Now result
follows by Prop 8.4.2. 
We finish with the promised proof.
Proof of Lemma 7.2.1. Suppose that OM(−D) is a non-trivial bundle which be-
comes trivial when restricted toMX(B). Recall the 1-isomorphism 2.0.2 of moduli
stacksMX(G)→M
τ
Y (Γ, G).
Firstly, we let us show that the pull-back of the line bundle LM → MX(G) of
central charge one to a closed subvariety ofMτY (Γ, TG) is a non-trivial line bundle.
17
For this observe the commutative diagram
(8.4.3) MτY (Γ, T )
//

MτY (Γ, G)

MY (T ) //MY (G)
Now the ample generator LG of Pic(MY (G)) pulls-back to MY (G) to a certain
power (actually |Γ| = deg(p : Y → X) ) of LM. On the other hand, its restriction
to MY (T ) is non-trivial by [6, Proof of Prop 5.1] where the reference given is [4,
Lemma 5.2.6]. Its restriction to Γ-invariant bundles of MY (T ) remains ample. Its
further pull-back to MY (Γ, T ) is non-trivial because MY (Γ, T ) → MY (T ) is a
finite map onto its image which consists of Γ-invariant bundles. Thus the pull-back
of LM to MX(T ) is also non-trivial.
Let T → X be a twisted group scheme on X defined by taking the invariant
direct image of the constant group scheme Y × T → Y by twisting it by a Γ-T
torus bundle of type τ , say ET . The main point of the proof is to show that the
pull-back of O(−D) via MX(T ) →MX(G) is non-trivial and hence to MX(B) it
must be non-trivial too.
Recall from [11, Heinloth, pg 519, section 7] that we have a short exact sequence
(8.4.4) 0→
∏
x∈R
X∗(Gx)→ Pic(MX(G))
c
→ Z→ 0
where c denotes the central charge homomorphism. It is easy to see that line
bundles Lp,χ corresponding to
∏
x∈RX∗(Gx) simply inject into Pic(MX(T )) under
MX(T )→MX(G) because of the way they are defined. By 8.4.3, we observe that
LM lies in the image of the map of f : Pic(MX(T )) → Pic(MX(T )) obtained
by the forgetful map MX(T ) → MX(T ) which forgets the parabolic structure of
MX(T ). More precisely, thinking ofMX(T ) as parabolic vector bundles, it forgets
the parabolic structure. Moreover we have the exact sequence
(8.4.5) 0→ Img(f)→ Pic(MX(T ))→
∏
x∈R
X∗(Tx)→ 0.
Now O(−D) is a certain tensor product of Lp,χ and LM. If its pull-back to
MX(T ) is trivial then, so is its image in L ∈ Pic(MX(T ))/Img(f). Then L would
lie in the image of the composition∏
x∈R
X∗(Gx)→ Pic(MX(G)→ Pic(MX(T ))→
∏
x∈R
X∗(Tx).
We saw by the description of Pic(MX(T )) that this composition is injective. Hence
if the pull-back of O(−D) → MX(G) to MX(T ) is trivial, then it must lie in
Img(f), in other words it must be a certain multiple of LM. But we checked earlier
that the restriction of LM toMX(T ) is non-trivial. So O(−D) is the trivial bundle
on the whole of MX(G). This contradicts our assumption. 
9. Twisted case
9.1. Generalizations of [3]. The following lemma is a slight generalization of [3,
Lemma 1.2].
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Lemma 9.1.1. Let x ∈ R be a parabolic point and let X∗ denote X \R. Let LXG
denote the group of maps X∗ → G and LG = G(Kˆx).
(1) The group π0(
∏
x∈RG(Kˆx)) is isomorphic to Maps(R, π1(G)).
(2) Let B → Spec(Oˆx) be a parahoric Bruhat-Tits group scheme at a parabolic
point x ∈ R. The group B(Oˆx) is connected. Moreover the connected
component of identity Q◦G (cf 3.0.4) is isomorphic to QG˜/π1(G).
(3) The group LXG is contained in the neutral component (LG)
0 of LG.
Proof. Let us prove the first assertion. For the case of one point, this is [3, Lemma
1.2(i)]. The case of more than one point follows immediately.
Let B0 be the closed fiber. It is connected since for parahoric Bruhat-Tits groups
schemes, the special fiber is given by subsets of the extended Dynkin diagram. We
connected any γ ∈ B(Oˆx) = B(C[[t]]) to 1 by defining Fγ : B0 × A
1 → B(Oˆx) by
Fγ(g, z) → g
−1γ(zt) where Fγ(γ(0), 0) = 1 and Fγ(1, 1) = γ. This shows that
B(Oˆx) is connected.
On Spec(C((t))) = D∗, the short exact sequence of e´tale sheaves
(9.1.1) 0→ π1(G)→ G˜→ G→ 0
where G˜ is the simply connected cover of G furnishes
(9.1.2) 0→ LG˜/π1(G)→ LG→ H
1(D∗, π1(G))→ 0
because H1(D∗, π1(G˜)) = 0 by [21, 1.9]. This also implies that Q
◦
G = QG˜/π1(G).
Now let us prove the last assertion. We also have
(9.1.3) 0→ LXG˜/π1(G)→ LXG→ H
1(X∗, π1(G))→
We shall show that the restriction map H1(X∗, π1(G)) → H
1(D∗, π1(G)) is zero
because it factors through
H1(X, π1(G))
≃ //

H1(X∗, π1(G))

H1(D, π1(G)) // H1(D∗, π1(G))
and H1(D, π1(G)) = 0.

Proposition 9.1.2. (1) There is a canonical bijection
π0(MX(G))→Maps(R, π1(G)).
(2) For δ ∈Maps(R, π1(G)), letM
δ
X(G) denote the connected component cor-
responding to δ. Let ζ be any element of the δ component of
∏
x∈RG(Kˆx).
There is a canonical isomormphism
MδX(G)→ ζ
−1LXGζ \ QG˜/π1(G).
Proof. The first statement follows from the Uniformization Theorem 3.0.4 and
Lemma 9.1.1. The natural isomorphism MδX(G) → LXG \ Q
δ
G implies immedi-
ately the second assertion. Left multiplication by ζ−1 will induce an isomorphism
of QδG with QG˜/π1(G). 
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9.2. Definition of twisted moduli. We quickly adapt the definition of twisted
moduli to the parahoric moduli setting. The notion of twisted moduli is defined for
G simply-connected, so in this section we will make this assumption.
We fix T ⊂ G be a maximal torus and denote the rank of G by σ and center
of G by Z. We fix ρ : T → Gσm an isomorphism. Let ρ(ZG) =
∏σ
i=1 µri . Using
the morphism Gσm → G
σ
m defined by
∏
zi →
∏
zrii , we fix also an isomorphism
T/ZG = G
σ
m/ρ(ZG)
≃
→ T .
Let C(G) = G ×ZX TX where TX and ZX are constant group schemes over X .
The natural maps G/ZX
p
← C(G)
q
→ TX/ZX = TX induce morphism of stacks
MX(G/ZX)←MX(C(G))
det
→MX(TX).
We now explain Maps(R, ZG) → Maps(R,Z
σ) that maps δ 7→ d. Define d ∈
Maps(R,Zσ) as follows. Let x ∈ R be a parabolic point. Consider ρ(δ(x)) =
(a1, · · · , aσ) ∈ G
σ
m such that d(x) satisfies e
2piidi/ri = ai for i ∈ [1, σ].
For d ∈ Zσ, let OX(dp) denote (OX(d1p0), · · · ,OX(dσp0)) ∈ MX(TX). We
define M
d,δ
X (G) by the fiber product
(9.2.1) M
d,δ
X (C(G))

// {pt}
d

MX(C(G)) // //

MX(TX)
M
δ
X(G/ZX)
//MX(G/ZX)
Following [3, Section 2], let us call the stack M
d,δ
X (C(G)) ⊂ MX(C(G)) (or
M
δ
X(C(G)) for short) the twisted moduli stack of G
The proof of the following proposition is very similar to [3, 2.4] or 9.1.2, so we
omit it.
Proposition 9.2.1. Let δ ∈ Maps(R, ZG). Let ζ ∈
∏δ
x∈RG(Kˆx) be an element
in the connected component corresponding to δ. We have a natural isomorphism
M
d,δ
X (C(G)) = ζ
−1LXGadζ \QG.
After proposition 9.2.1 following the proof of Theorem 5.0.10, we get
Theorem 9.2.2. For any δ ∈Maps(R, ZG), the Brauer group of the moduli stack
M
δ
X(C(G)) is trivial.
Proposition 9.2.3. The co-dimension of M
δ,rs
X (C(G)) in M
δ,ss
X (C(G)) is at-least
two. Moreover, the smooth locus of M
δ,ss
X (C(G)) is M
δ,rs
X (C(G)).
Proof. The first assertion follows from (2.0.2) and the corresponding statement for
parahoric G-torsors proved in section 7. The proof of smooth locus is identical to
that of section 6. 
Denote the class of the gerbeM
δ,rs
X (C(G))→M
δ,rs
X (C(G)) by ψ. The following
proposition is a twisted moduli space analogue of 8.1.1.
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Proposition 9.2.4. We have an exact sequence
1→ Pic(M
δ,rs
X (C(G)))→ Pic(M
δ,rs
X (C(G)))
wt
→ Hom(ZG,Gm)
ψ∗
→ Br(M
δ,rs
X (C(G)))→ 1.
10. Case G not simply connected
In this section we denote G˜ the simply connected cover of G and π1(G) its
fundamental group. Like previous section we fix an isomorphism ρ : T˜ → Gσm
sending π1(G) 7→
∏σ
1 µri . We have canonical isomorphism
π0(MX(G)) = π0(
∏
x∈R
G(Kˆx)) =Maps(R, π1(G)).
So let δ ∈ Maps(R, π1(G)) and let
∏δ
x∈RG(Kˆx) ⊂
∏
x∈RG(Kˆx) and M
δ
X(G) ⊂
MX(G) be the connected components corresponding to δ.
Lemma 10.0.5. We have the following factorization
∏
x∈RG(Kˆx)
ww♦♦♦
♦♦
♦♦
♦♦
♦♦
&&▼▼
▼▼
▼▼
▼▼
▼▼
M
δ
X(C(G˜))
γ //

M
δ
X(G)

M
δ
X(C(G˜))
γ1 // M δX(G)
Further, let M
δ,rs
X (G) ⊂ M
δ
X(G) denote the regularly stable locus. The restriction
of γ−11 to γ
−1
1 (M
δ,rs
X (G))→M
δ,rs
X (G) defines a principal Γ = H
1(X, π1(G))-bundle.
Proof. The factorization γ follows from diagram chasing in a diagram like (9.2.1)
but for G instead of Gad (in other words we see π1(G) ⊂ ZG˜ and consider G instead
of G/ZX). Since semi-stable C(G) torsors are mapped to semi-stable G torsors, and
this preserves the S-equivalence relation, so we get the associated map γ1 between
moduli spaces.
We first prove the last assertion for δ the element mapping whole of R to 1pi1(G).
For this consider the short exact sequence
(10.0.2) 0→ π1(G)X → G˜ → G → 0
of sheaves of groups over X . Let E ∈ M
d,rs
X (G) be a torsor. Twisting (10.0.2) by
E , we observe that in the associated long exact sequence of cohomology the terms
0 → H0(X,E π1(G)X) → H
0(X,E G˜) → H
0(X,E G) identify with 0 → π1(G) →
ZG˜ → ZG because E is regularly stable. Hence exactness also follows on the
right. Hence we obtain 0 → H1(X,E π1(G)X) → H
1(X,E G˜) → H
1(X,E G). But
H1(X,E π1(G)X) identifies canonically with H
1(X, π1(G)) for any E . Hence the
pull-back ofMX(G˜)→MX(G) over itself becomesMX(G˜)×Γ. Now the assertion
follows.
For different d the twisted moduli spaces are naturally isomorphic. Similarly
for different δ the twisted moduli spaces (resp. the usual moduli spaces) are all
isomorphic. Hence the claim follows. 
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Applying the Leray-Serre spectral sequence to M
δ,rs
X (C(G)) →M
δ,rs
X (G) we get
the following proposition. Its proof is almost identical to that of [8, Thm 6.3], so
we omit it.
Proposition 10.0.6. The following sequence is exact
0→ H1(Γ,C∗)→ H1(M
δ,rs
X (G),O
∗)→ H1(M
δ,rs
X (C(G˜),O
∗)
→ H2(Γ,C∗)→ Br(M
δ,rs
X (G))→ Br(M
δ,rs
X (C(G˜)))→ 0.
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